International Journal of Theoretical Physics, Vol. 34, No. 9, 1995

Fermi Substructure of Space-Time

Kaare Borchsenius!

Received March 24, 1994

If space-time possesses a Fermi substructure, then the canonical quantization of
the space-time and the Fermi coordinates of a relativistic point particle must be
mutually consistent. We show that the Fermi substructure x* = Lok,(c?, c*?)
meets this requirement. We express the generators of the Lorentz group in terms of
the Fermi coordinates and momenta and consider their coordinate representation.

1. CANONICAL EQUATIONS

Penrose (1967) pointed out that there is evidence of a direct connection
between quantum mechanics and the structure of space-time, for example,
in the elementary fact that different spatial directions of the spin of a spin-
one-half particle correspond to taking different complex linear combinations
of the two quantum states.

Considerations like these naturally raise the question as to whether space-
time possesses a complex substructure which reflects the complex properties
of both the Lorentz group and quantum mechanics. We would expect such
a complex substructure to be associated with a Fermi system. Fermi substruc-
tures of space-time have been discussed in Schwarz and Van Nieuwenhuizen
(1982) and Borchsenius (1987, 1989). In the following we suggest that the
canonical quantization of a relativistic point particle can be used as a modetl
to determine a Fermi substructure of space-time.

Following Dirac (1950, 1958), we take the space-time coordinates of the
particle to be functions of a parameter, time, and quantize them according to

xt > XE X=X (D
The canonical momenta P, are defined through the Lagrangian

'Bollerisvej 8, 3782 Klemensker, Denmark.

1863
0020-7748/95/0900-1863507.50/0 © 1995 Plenum Publishing Corporation



1864 Borchsenius

3L = P, dX* 2)

and X and P satisfy the commutation relations
[X* P,] = ihd} (3a)
(X, X*1=0, [P, P]=0 (3b)

If the space-time coordinates arise from underlying Fermi coordinates, then
the quantization (1) must result from a corresponding quantization of these.
The simplest representation of the canonical Fermi coordinates, and the one
which we shall consider here, has components C4 which transform like a
right-handed two-component spinor in the index A and like a quantum ket
vector in the index a. To distinguish C% from a quantum operator, we shall
write it in abstract form as C#, and its conjugate bra vector as C™. Since
the quantum vectors which we consider have noncommutative components,
we shall need to form commutators between them. The anticommutators
between a ket vector X and a bra vector {s will be defined as

def
(X ¥ = Xl + ¥iXa (4a)

def
(W, X} = Py, + xb (4b)

that is, we adopt the convention that the order in which the bra and ket
vectors are written in the commutator determines whether both terms in the
commutator are direct products or contractions.

C* is accompanied by conjugate momenta D} defined through the
Lagrangian:

3 Tr L = {D}, 8C*} + c.c. (5)

Corresponding to the space-time canonical system (3) we shall assume that
C and D' satisfy the canonical anticommutation relations

{C*, D)L — (Dp, CE}o4 = 2ikid4sE (6a)
{cr CB =0 (6b)
{Di,D}} =0 (6¢)

We seek a relationship between the X and the C which will make the Fermi
system (6) consistent with the space-time system (3). We shall show that if
the space-time coordinates are determined by the Fermi coordinates through
the relation
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X+ = 2 oip(CH €Y, (C4 €% =0 )

then the Fermi system (6) is a consequence of the space-time system (3). By
differentiating (7) we obtain for the variation of X with respect to C

. i . - s
83X+ = 2 ah({dCP, €™} + {CF, 3C™Y}) ®)
When applied to the trace of (2) this gives
STrL = {i o%,CPP,, SCB} + c.c. 9
When compared to (5) this yields the expression
D} = i o4pC'PP, (10)

for the Fermi momenta. To show that (6) follows from (3), we first observe
that the anticommutativity (6b) of the Fermi coordinates is contained in the
defining relation (7). The anticommutativity (6¢) of the Fermi momenta
follows directly from the anticommutativity of the C because in the expression
(10) for D' the matrix elements of P, are commutative complex numbers.
To show that (6a) is a consequence of (3a), we shall express the l.h.s. of
(6a) in terms of X and P. To do this, we first rewrite (6a) in the more
convenient form

{(CA, D}}oBEafy — {Dy, CH}olEal, = 4ihdh (1)

The anticommutator {C, D'} can be expressed in terms of X and P by
inserting the expression (10) for D' and applying the defining relation (7)

{CA D} = {C4, 1chDC“’P }
= —chDcerX"P (12)
Using the property of the Pauli matrices
ofbotyoPoky = 23808 + 34d8 — mPrmy,) (13)
(12) yields the remarkably simple expression for the Lh.s. of (11)
{C, DL}O'BEUAE — {Dg, CM}Ua ofie
= (3408 + B3P — MPrmg, )X, Pl (14)

Inserting the expression for [X, P] in (3a) into the rh.s. of (14), we obtain
(11) and thereby (6a). =
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A Hamiltonian H can be defined from the constraint which is associated
with the free choice of parameter, time (Dirac, 1950, 1958). X* and P,, then
satisfy the equations of motion

. 1 : 1
| B = —
X 7 [X*, H], P, 7 [P.. H] (15)

Applying these equations to (7) and (10), we find the equations of motion
for the Fermi canonical variables

R R, S
C P HC D, = 7
(6) and (16) together constitute the Fermi canonical system.

If the Fermi substructure is to reproduce all of space-time, (7) must not
impose any constraint on X* apart of course from Hermicity. To prove that
any Hermitian X" can be expressed in the form (7), we consider an arbitrary
Hermitian matrix with the components M,,,.. Such a matrix can be expressed
in the form

HDA (16)

M,; = Lo\ L a7

where the eigenvalues \ can be normalized to any of the values —1, 0, 1 by
a rescaling of L. Consider the complex Clifford algebra

{er ef} = SNy {e.e;} =0 (18)

where the \’s are the same as in (17). When the \’s contain all three values
—1, 0, 1, the algebra is called indefinite and degenerate. Define the elements

a, = L,e (19)
where L is the same as in (17). Then it follows that M can be written as
M, = {a,, aF}, {a, a;} =0 (20)

To apply this general result to X*, we observe that the spinorial components
of X* satisfy
_ def )
Xy = X5, Xof = offXy, D

and therefore can be considered as the components of a Hermitian matrix in
the combined indices (A, a) and (B, b). Hence, according to the general result
(20), X4¢ can be expressed in the form

Xi$ =3 cf,  (ChL =0 (22)

These equations are equivalent to (7), provided the quantum conjugation *
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performs the complex involution * of the Clifford algebra to which the C4
belong.
In the classical limit, (7) reduce to

xh = Sotplch o), (A ef) =0 23)
which defines the Fermi substructure of space-time itself. Since the commuta-
tion properties of the ¢’s arise from quantum mechanics, we can say that,
given the model discussed here, space-time is not merely a background
space for quantum mechanics, but is itself a by-product of an underlying
quantum structuare.

2. INTERPRETATION OF THE QUANTUM AMPLITUDES

To understand the significance of the Fermi coordinates for the relation-
ship between the complex properties of the Lorentz group and quantum
mechanics, we shall consider the expectation values of X and C.

First we express X and C in terms of the eigenstates of X:

XH = jx(,"))x(,“‘)< x(ru)| (24a)

def
C = ), o = (|C (24b)
where x¥ are the eigenvalues of X*. By inserting (24) into (7) we find that
¢ satisfy
1 A
xt = 7 olalchy, i) (25)

A comparison of (25) with (23) shows that ¢! are the Fcrmi coordinates
corresponding to x¥.
From (7) we obtain the expression for the expectation values X* of X*

I = (s|X¥|s) = ioﬁg{(s{CA, CTB[s)} (26)
Defining
def
A = (s[CA 27
we can write (26) as
T = otpleh, ) 28)

Hence ¢* are the Fermi coordinates corresponding to X*. We shall call them
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the expectation values of CA. By inserting (24) into the rh.s. of (26) and
(27) we obtain the expressions

X = |(s|x) |2 (29a)
cA = (st (29b)

for the expectation values of X and C in terms of the coordinate values which
can result from a measurement.

Expression (29) shows that there is a parallel between the Fermi coordi-
nates as a complex substructure of the space-time coordinates and the ampli-
tudes as a complex “substructure” of the probabilities.

Expression (29b) leads to an interpretation of the quantum amplitudes as
the complex weights with which the individual Fermi coordinates contribute to
the expectation values ¢#. Since the Fermi coordinates owe their complexity
to SL(2.C), the complex property of the amplitudes is hereby being related
to the structure of space-time.

3. FERMI FORM OF THE LORENTZ GENERATORS
The generators
L, =X/P, —X.P, (30)

of the Lorentz group form a skew-symmetric tensor and are therefore equiva-
lent to a symmetric second-rank spinor Ayp,
def
Lascp = €achbp + €sphac, Lagcp = olsotply, (3D
where
Mc = ‘%EBDLABCD (32)

A4c satisfies an SU(2) algebra and is the spinor form of the well-known non-
Hermitian combination of the rotation and boost generators which is used to
label the representations of the Lorentz group.

From (32) and (12) we obtain the expression

Mg = {Ca, Di} + {Cp, Di} (33)

for M\4p in terms of the Fermi coordinates and momenta. When the
representation

X* — x¥, P, — —iho, (34)

is inserted into the rh.s. of (32) we obtain, after a rearrangement which
makes use of (23),
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Mg = {ca =1 ific*Ealza, ) + {cp, —tihc*Eolyo, ) (35)

A comparison of (35) with (33) shows that this representation can be obtained
through the substitution

C - A, D, — —%iﬁc’“’;oy%g6,L (36)

The Fermi expression (33) for the Lorentz generators invites consid-
ering the existence of coordinate representations of half-integer spin states.
To obtain such representations, the expression (36) for D} must be generalized
to act on functions of the Fermi coordinates which are not single-valued
functions of the space-time coordinates. To this end we note that, according
to (36), D} acts as a generator of displacements of the Fermi coordinates

3%(x) = dx*a, P
=~ ({3ct, DY) — (B, Dy 37)

The action of D} on a general function of the Fermi coordinates should
therefore be defined correspondingly through

1 .
(e, c*) = ~17L({86“‘, Di(U(c, c*)} — {8c*2, Dy(lblc, c*)})  (38)
With this generalized definition of Di({s), we find by use of (31) and (33)
that the azimuthal rotations of the Fermi coordinates
c — e ¥2g3c 39
are generated by the z-component of the angular momentum operator

B, ¢%) = —= Do J (e, ) (40)

Accordingly, J, has the representation
., 0
JZ = —if % (41)

The condition for the eigenfunctions ¢™* of J, to be single-valued functions
of the Fermi coordinates is that a rotation through an angle of 4w, which
restores the value of ¢, must be a multiple of the period of ™. This gives

m=0, L, £1, +3/2, ... (42)

The eigenfunctions corresponding to half-integer spin are seen to be double-
valued functions of the space-time coordinates. As expected, these states
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therefore have a coordinate representation only in terms of the Fermi
coordinates.

The double homomorphism between the groups SL(2.C) and SO(1.3)
associated with the Fermi and space-time coordinates, respectively, implies
that there would appear to be a twofold degeneracy in space-time when
viewed from Fermi space. It is interesting to speculate as to whether this
feature has any significance for the interpretation of quantum mechanics, in
particular whether it can provide a basis for the so-called “double space-
time” interpretation of quantum mechanics (Bialynicki-Birula, 1986).
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